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Part I. Introduction to MDOF systems

Introduction

Multiple degree of freedom vibration

o Closer to the real scenario
Human body, car suspension, turbine, building etc.
o Mass - mass matrix; spring constant - stiffness
matrix
o Procedure
Convert engineering system to MDOF m-b-k model
Obtain the equations
Solve the equation using linear algebra
Solve the equation using ODE
Interpret the result and perform design recommendation
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‘Introductory Example: Car Safety Design

‘ Human Vibration Model
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‘ Influence of Car Seats on Vibration
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‘ Motorcycle
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Part I1. MDOF vibration of
Engineering Systems

| Motor-Pump on Elastic Foundation
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| Packaging of an Instrument
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' A CNC Machine

Elastic "

beam

(b)

‘ Horizontal Milling Machine
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FIGURE 1.37 Horizontal milling machine.
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‘Typical MDOF Vibration Model

?r—i' 4__{‘?

] k
M—m-—%ﬂjﬁfv———Em—W——E
77T TIITTIIT.

ko k(o= x2)
- M | —

kx
2m —-'n—2

' Part I11. Normal Mode Analysis
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| Example Problem
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Equations of Motion

x, = Ae"
x: = Aze‘.m

(2k — W'm)A, — kd, =0
— kA, + 2k — 2w'm)4, =0

2k — w’m) —k
-k (2k — 2w'm)

Letting w? = A
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Solution

2

w = A2 =V0.634—k-
m

/ k

wy = ,\21/2 = 2.366;
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Mode Shapes
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Multiple DOF Systems
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Example: Coupled Pendulum

mi*0, = —mgll, — ka*(0, — 6,)
ml, = —mgld, + ka*(6, — 6,)
Continue

8, = A, cos wr

g, = A, cos wt

if the initial conditions are 8,{0) = 4 and 8,(0) =0,

B,(1) = 34 cos wt + 34 cos wy!

0,(1) = 1A cos w;t — 34 cos wy!

26
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Continue (Beating)

0,(1) = A cos( l ; wz).f cos( i ; © )f

0,(1) = — A sin( “ ; t )t sin(wl -;-wz )f

Figure 5.1-6. Exchange of energy between pendulums.
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Beating: Visualization
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Part IV. Essential Linear Algebra

29

Eigenvalues / Eigenvectors

Matrix Algebra: Eigenvalue problem

o Solve AX=AX to find specific A

o As satisfy the problem is the eigenvalues

o For each A, the corresponding X is the eigenvector

For vibration problem
[K-—0’M]X =0
o o: natural frequency

2023/5/2

15



Matrix Diagnalization / System Decouple

Modal matrix P
o A matrix form by all eigenvector (aka modal matrix)

[MIX+[K]x=0
[M,]1=P*MP
[K,]1=P'KP
[MpIX+[Kp]x=0

o Where My and K, are diagonized mass and
stiffness matrix
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Part V. Natural Frequencies/Modes
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Natural Frequencies
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‘ Natural Modes

412.3Hz

ep-1
ode 1: Value = 6.71162E+06 Freq = 412.32  (cycles/time) ——
Primary Var: U, Magnitude
| Deformed Var: U Deformation Scale Factor: +1.150e4+01

34
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Part VI. System Coupling

35

Introduction

Coupling depends on the seelction of
coordinates

For undamped system, it is always possible
to find a particular coordinate set to decouple
the system

a Principal direction, or normal coordinate

For damped system, in general, it cannot
decouple the system

o Except “proportional” damping

2023/5/2
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A 2-DOF Example
ES | PO I (M Rt
System with damping
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If C,,=C,, =0 (Proportional damping), then the system is uncoupled
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Car Suspension Example

Bounce
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Static Coupling e
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Mass matrix decoupled, stiffness matrix coupled

i | et

=== %{L‘__‘
K e
1 mg %kz ky(x~1,6) G
RS atiescre : kalx +1,8)

Figure 5.2-1. Figure 5.2-2. Coordinates leading to

static coupling.
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If k4, = kyl,, the coupling disappears, !
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Dynamic Coupling

Mass matrix coupled, stiffness matrix decoupled

-d——'[a 1‘_"J —_— x
] - 3
3 Cle-e—~G gka { c ﬁc 16
Vil Ky (x, - 130)

Kalx; +146)

Figure 5.2-3, Coordinates leading 10 dynamic couphing.
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Static and Dynamic Coupling

Mass matrix coupled, stiffness matrix coupled
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Figure 5.24. Coordinates leading to static and dynamic coupling.
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' Part VIL Forced Vibration Analysis
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| Introductory Example

PR HEHES
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‘ Cont’d
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‘ Vibration Absorber SR

m,, K,

Adding extra mass/spring to reduce
resonance vibration
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‘ Response
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Dynamic Absorber

o1999, Dapial A, Fu=sall
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‘Example: Stockbridge Damper

o atuned mass damper used
to suppress wind-induced
vibrations on taut cables,
such as overhead power
lines

o consists of two masses at the
ends of a short length of
cable or flexible rod

o damper is designed to
dissipate the energy of

oscillations in the main cable E ®

to an acceptable level. G—

o Aka "dog-bone damper”

50
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' Semi-Definite Systems

= Vibration system containing rigid-body mode
o Rigid body mode, vibration frequency =0

= Examples
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' Part VIIL. Simple Problems

52
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'Problem 1. Frequencies of Mass-
Spring System (Rao. 5.1)

| (a) First mode (b) Second mode

Find the natural frequencies and mode shapes of a spring-mass system, shown in Fig. 5.4, which is
constrained to move in the vertical direction only. Take n = 1.

‘ Problem 2. Free Vibration of a 2-DOF

SYSt€m (Rao. 5.3)
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Find the free vibration response of the system shown in Fig. 5.3(a) with k; = 30, k, = 5, k3 = 0,
m; =10, my=1 and ¢; =¢; =¢; =0 for the initial conditions x,(0) = 1, x;(0)=
x(0) = %(0) = 0.
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‘ Problem 3. Totsional Vibration ao. 5.4

Engine
Gear 1,40 teeth ktl
E Propeller

S o s BN ™
Steel N S~ / 0,
shaft 2, ~~.

Dla.(‘)r.ls m k!2

= — B =

1L0m 2 —<} - / 6

Gear 2, =< ‘2
Flywheel 20 teeth =

Torsional system.

Find the natural frequencies and mode shapes for the torsional system shown in Fig. 5.7 for
Jl = Jg, .12 = 2.]0, and k“ = kﬂ = k!'
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' Problem 4. Steady State Response of a
2-DOF System (rao. 5.8)

[Fl(‘) = Fyycos wt

Find the steady-state response of the system shown in Fig. 5.13 when the mass m, is excited by the
force Fi(f) = Fgcos wt. Also, plot its frequency response curve.
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‘ Part IX. Demonstrations
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